We establish some results concerning P {functions from the standpoint of abstract convexity. In particular, we show that the set of all P {functions on a segment is the least set closed under pointwise sum, supremum and convergence and containing the class of all nonnegative quasiconvex functions on that segment. Further, generalizations are derived of a recent inequality of Hadamard type for P {functions.
Introduction
A nonnegative function p de ned on the segment S is said to be a function of P type ( 1] ) (or simply, a P-function) if p( x + (1 ? )y) p(x) + p(y); x; y 2 S; 0 1: Let S = a; b] and let P S be the class of P-functions de ned on S. It has been proved in 1] that for an integrable function f 2 P S , we have the Hadamard-type inequality f a + b 2 2 b ? a In fact we present a version of this inequality for an integral with respect to an atomless probability measure de ned on the Borel -algebra of subsets of the segment 0; 1].
For nonnegative quasiconvex functions we show that this also holds for an arbitrary (not necessarily atomless) probability measure. These results are the subject of Section 4.
More generally, we study links between P-functions and nonnegative quasiconvex functions, which form an important class of generalized convex functions (see, for example, 5]). It is well-known that the sum of quasiconvex functions is not necessarily quasiconvex.
The cone hull of the set of all quasiconvex functions de ned on a segment S is a very large set, containing for example all functions of bounded variation. The cone hull of the set Q + of all nonnegative quasiconvex functions is also very broad, but one can nd nonnegative functions of bounded variation which do not belong to this set. The pointwise supremum of a family of elements of Q + is again an element of Q + . One of the important problems of the theory of quasiconvex functions is to describe the least cone containing Q + which is closed in the topology of pointwise convergence and contains pointwise suprema of all families of its elements. In Section 3 we show that this cone coincides with the set P S of all P-functions de ned on S.
We use methods of abstract convexity (see for example 3, 4, 7] ). Our approach is based on the description of small supremal generators of the sets under consideration.
Preliminaries
First we recall some de nitions from abstract convexity. Let IR = (?1; +1) be a real 
Denote by P the set of all P-functions. Let us point out some properties of a function f 2 P.
1) If i > 0 (i = 1; : : : ; m) and
. This can be proved by induction.
2) The set dom f = fx 2 IR : f(x) < +1g is a segment. Indeed let x ? = inf dom f; x + = sup dom f. Suppose x ? < x < x + . Then there exist points x 1 ; x 2 2 dom f such that x 2 (x 1 ; x 2 ). It follows from the de nition of P that f(x) < +1, that is, x 2 dom f.
3) If the set fx : f(x) = 0g is nonempty, then it is clearly a segment. Let S IR be a segment and P S the set of all P-functions de ned on the segment S and mapping into 0; +1]. We have P = P S with S = IR. Let S 6 = IR. For each function f de ned on S, consider its extension f +1 de ned by
Clearly f 2 P S if and only if f +1 2 P. Let S be a segment. It is easy to check that the class P S enjoys the following properties. 1) P S is a cone: if f 1 ; f 2 2 P S , then f 1 + f 2 2 P S ; if > 0; f 2 P S , then f 2 P S ;
2) P S is a complete upper semilattice: if (f ) 2A is a family of functions from P S and f(x) = sup 2A f (x), then f 2 P S ; 3) P S is closed under pointwise convergence.
The classes P S are extremely broad. We now describe some subclasses of P S . 1) Each quasiconvex nonnegative function de ned on S belongs to P S . In particular nonnegative convex, increasing and decreasing functions de ned on S belong to P S .
2) Let h be a bounded function de ned on S. Then there exists a number c > 0 such that the function f(x) = h(x) + c belongs to P S . Indeed, let c = sup x;y2S; z2 x;y] h(z) ? h(x) ? h(y). We have for each x; y 2 S and 2 0; 1] that h( x + (1 ? )y) h(x) + h(y) + c:
We now describe a small supremal generator of the set P. Applying this generator and the extension de ned by (2), we can easily describe a supremal generator of the class P S for a segment S 2 IR.
Let T be the set of all collections t = fu; c 1 ; c 2 g with u 2 IR and nonnegative c 1 ; c 2 . For t = fu; c 1 ; c 2 g 2 T, consider the function h t de ned on IR by
It is easy to check that h t 2 P for all t 2 T. Let Proposition 2 H is a supremal generator of P.
Proof: Let f 2 P and u 2 IR. First assume that u 2 dom f. Let Proof: Let f 2 P and s(f;H) = fh 2H :h fg be the support set of f with respect tõ H. We can consider s(f;H) as a directed set with respect to the natural order relation: h 1 h 2 ifh 1 (x) h 2 (x) for all x 2 IR. Since f(x) = supfh(x) : h 2 s(f; H)g = supfh(x) :h 2 s(f;H)g (x 2 IR) and the generalized sequence fh :h 2 s(f;H)g is increasing, it follows that f(x) is pointwise limit of this generalized sequence. Thus P clH: (4) Since H c(Q + ) it follows thatH H. As P is a cone and an upper semilattice and the set Q + is contained in P it follows that H P. Since P is closed in the topology of pointwise convergence, it follows that clH cl H P. The desired result follows from this inclusion and (4).
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Remark 2 We have proved that a function f belongs to P if and only if this function can be represented as the pointwise limit of a generalized sequence (f ) where each f is a nite maximum of the functions represented as the sum of two nonnegative quasiconvex functions. It follows also from Propositions 2 and 3 that each f 2 P can be represented as the supremum of a family of functions belonging to c(Q + ). Since P is a cone and a complete upper semilattice and Q + P, it follows that P coincides with the set of all functions which can be represented in such a form.
Let P l be the set of all l.s.c functions belonging to P. We now describe a supremal generator of P l consisting of continuous functions. Consider the set S of all collections s = fu; It is easy to check that l 1 ; l 2 are continuous, l 1 is increasing and l 2 is decreasing. 2 For the same reasons as those in the proof of Proposition 4, it follows that P l clL = cl L and cl P l = clL = cl L whereL is the set of all functions that can be presented as the maximum of a nite family of elements of L and L is the set of all functions that can be presented as the maximum of the nite family of the sum of two continuous quasiconvex functions.
Inequalities of Hadamard type
We begin with the following Principle of Preservation of Inequalities ( 3] By de nition, set g 1 (1) = 1; g 2 (1) = 0. Clearly g 1 is increasing, g 2 is decreasing and g 1 (y) + g 2 (y) = ( 0; 1]) = 1 for all y 2 0; 1]. Since is atomless, it follows that I(h t ) = I(h t ). We have I(h t ) = 
It easy to check that u = min(g 1 (u); g 2 (u)):
Indeed if g 1 (u) g 2 (u), then u = g 2 (u) and if g 1 (u) g 2 (u), then u = g 1 (u). Thus (6) holds. 
for all f 2 P o .
Proof: Clearly I is an increasing functional de ned on the set P o . First we check that (7) holds for all h 2 H. We consider separately functions h t which are de ned by collections t = (u; c 1 ; c 2 ) and by collections t = (y; c 1 ; c 2 ) with y 6 = u. Let t = fu; c 1 ; c 2 g. It follows directly from (5), (6) Let us calculate h t (u). Since y 6 = u it follows that either h t (u) = min(c 1 ; c 2 ) or h t (u) = max(c 1 ; c 2 ). In the rst case we have, taking into account that g 1 (y) 0; g 2 (y) 0 and g 1 (y) + g 2 (y) = 1, that h t (u) = min(c 1 ; c 2 ) c 1 g 1 (y) + c 2 g 2 (y) = I(h t ):
Since g 1 (u) 1; g 2 (u) 1, it follows that h t (u) I(h t ) 1 min(g 1 (u); g 2 (u)) I(h t ): Assume now that h t (u) = max(c 1 ; c 2 ). If c 1 c 2 then h t (u) = c 1 and y > u, the latter following directly from the de nition of the function h t . Since g 1 is an increasing function, we have for y > u that g 1 (u)h t (u) g 1 (y)c 1 g 1 (y)c 1 + g 2 (y)c 2 = I(h t ): Thus we have veri ed that the desired inequality (7) holds for all h 2 H. Since H is a supremal generator of P o and I is an increasing functional, we can conclude, by applying the principle of preservation of inequalities, that (7) 
This result was established in 1].
Remark 4 In a similar manner we can prove that (7) holds for each nonnegative quasiconvex function and for each (not necessarily atomless) nonnegative measure such that ( 0; 1]) = 1. We can use for this purpose the supremal generator described in Example 1. Indeed the atomlessness of the measure has been used only for eliminating the special value of the function h t with t = fu; c 1 ; c 2 g at the point u. We do not need to eliminate this value in the case under consideration.
